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Outline of the presentation

I What is cost-efficiency?

I Path-dependent payoffs are not cost-efficient.

I Consequences on the investors’ preferences.

I Illustration with a popular investment product: the
locally-capped globally-floored contracts (highly
path-dependent).

I Why do retail investors buy these contracts?
I Provide some explanations & evidence from the market.

- Investors can overweight probabilities of getting high returns.
- Locally-capped products are complex

I Provide a simple model
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Efficiency Cost

Dybvig (RFS 1988) explains how to compare two strategies by
analyzing their respective efficiency cost.

It is a criteria independent of the agents’ preferences.

What is the “efficiency cost”?

Carole Bernard Path-dependent inefficient strategies 3



Cost-Efficiency Main result Example Preferences Retail Market Overweighting Impact on Decision

Efficiency Cost

• Given a strategy with payoff XT at time T .

• Its no-arbitrage price PX .

• F : XT ’s distribution under the physical measure.

The distributional price is defined as:

PD(F ) = min
{YT | YT∼F}

{No-arbitrage Price of YT}

The “loss of efficiency” or “efficiency cost” is equal to:

PX − PD(F )
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Toy Example

Consider :

� A market with 2 assets: a bond and a stock S .

� A discrete 2-period binomial model for the stock S .

� A financial contract with payoff XT at the end of the two
periods.

� An expected utility maximizer with utility U.

Let’s illustrate what the “efficiency cost” is and why it is a criteria
independent of agents’ preferences.

Carole Bernard Path-dependent inefficient strategies 5



Cost-Efficiency Main result Example Preferences Retail Market Overweighting Impact on Decision

Toy Example for X2, a payoff at T = 2
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Y2, a payoff at T = 2 distributed as X
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Cost-efficiency in a general arbitrage-free model

� In an arbitrage-free market, there exists at least one state
price process (ξt)t . We choose one to construct a pricing
operator.

� The cost of a strategy (or of a financial investment
contract) with terminal payoff XT is given by:

c(XT ) = E [ξT XT ]

� The “distributional price” of a cdf F is defined as:

PD(F ) = min
{Y | Y∼F}

{c(Y )}

where {Y | Y ∼ F} is the set of r.v. distributed as XT is.

� The efficiency cost is equal to:

c(XT )− PD(F )
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Minimum Cost-efficiency

Given a payoff XT with cdf F . We define its inverse F−1 as follows:

F−1(y) = min {x / F (x) ≥ y} .

Theorem

Define
X ∗T = F−1 (1− Fξ (ξT ))

then X ∗T ∼ F and X ∗T is unique a.s. such that:

PD(F ) = c(X ∗T )
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Path-dependent payoffs are inefficient

Corollary

In general, path-dependent derivatives are not cost-efficient. To be
cost-efficient, the payoff of the derivative has to be of the following
form:

X ∗T = F−1 (1− Fξ (ξT ))

Thus, it has to be a European derivative written on the state-price
process at time T . It becomes a European derivative written on
the stock ST as soon as the state-price process ξT can be
expressed as a function of ST .
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Monotonic Payoffs may be efficient

Corollary

Consider a derivative with a payoff XT which could be written as:

XT = h(ξT )

Then XT is cost efficient if and only if h is non-increasing.
Moreover, if XT is cost-efficient, it satisfies:

XT = X ∗T = F−1 (1− Fξ (ξT )) a.s.
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Black and Scholes model (Dybvig (1988))

Any path-dependent financial derivative is inefficient. Indeed

ξT = a

(
ST

S0

)−b

where a = exp
(

θ
σ

(
µ− σ2

2

)
T −

(
r + θ2

2

)
T
)
, b = θ

σ , θ = µ−r
σ .

To be cost-efficient, the payoff has to be written as:

X ∗ = F−1

(
1− Fξ

(
a

(
ST

S0

)−b
))

It is a European derivative written on the stock ST (and the
payoff is increasing with ST when µ > r).
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Lévy model with the Esscher transform (Vanduffel et al.
(2008))

Any path-dependent financial derivative is inefficient. Indeed

ξt = e−rt e
h St

S0

mt(h)

where h ∈ R is the unique real number such that ξtSt is a
martingale under the physical measure.
mt(h) is a normalization factor such that f

(h)
t defined by f

(h)
t (x) = ehx ft (x)

mt (h)
is a

density where ft denotes the density of St under the physical measure.

To be cost-efficient, the payoff has to be written as:

X ∗T = F−1 (1− Fξ (ξT ))

It is a European derivative written on the stock ST (and the
payoff is increasing with ST when h < 0).
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The least efficient payoff

Theorem

Let F be a cdf such that F (0) = 0. Consider the following
optimization problem:

max
{Z | Z∼F}

{c(Z )}

The strategy Z ∗T that generates the same distribution as F with
the highest cost can be described as follows:

Z ∗T = F−1 (Fξ (ξT ))

Consider a strategy with payoff XT distributed as F . The cost of
this strategy satisfies:

PD(F ) 6 c(XT ) 6 E [ξT F−1(Fξ(ξT ))] =

∫ 1

0
F−1

ξ (v)F−1(v)dv
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Put option in Black and Scholes model

Assume a strike K . Its payoff is given by:

LT = (K − ST )+

The payoff that has the lowest cost and is distributed such as the
put option is given by:

Y ∗T = F−1
L (1− Fξ (ξT ))

The payoff that has the highest cost and is distributed such as the
put option is given by:

Z ∗T = F−1
L (Fξ (ξT ))
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Cost-efficient payoff of a Put
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cost efficient payoff that gives same payoff distrib as the put option

Y* Best one
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With σ = 20%, µ = 9%, r = 5%S0 = 100, T = 1 year, K = 100.
Distributional Price of the put = 3.14

Price of the put = 5.57
Efficiency loss for the put = 5.57-3.14= 2.43
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Up and Out Call option in Black and Scholes model

Assume a strike K and a barrier threshold H > K . Its payoff is
given by:

LT = (ST − K )+
1max06t6T {St}6H

The payoff that has the lowest cost and is distributed such as the
barrier up and out call option is given by:

Y ∗T = F−1
L (1− Fξ (ξT ))

The payoff that has the highest cost and is distributed such as the
barrier up and out call option is given by:

Z ∗T = F−1
L (Fξ (ξT ))
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Cost-efficient payoff of a Call up and out

With σ = 20%, µ = 9%,S0 = 100, T = 1 year, strike K = 100, H = 130
Distributional Price of the CUO = 9.7374

Price of CUO = Pcuo

Worse case = 13.8204
Efficiency loss for the CUO = Pcuo-9.7374
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Utility independent criteria

Denote by

� XT the final wealth of the investor,

� V (XT ) the objective function of the agent,

Assumptions (adopted by Dybvig (JoB1988,RFS1988))

1 Agents’ preferences depend only on the probability
distribution of terminal wealth: “state-independent”
preferences. (if XT ∼ ZT then: V (XT ) = V (ZT ).)

2 Agents prefer “more to less”: if c is a non-negative
random variable V (XT + c) > V (XT ).

3 The market is perfectly liquid, no taxes, no transaction costs,
no trading constraints (in particular short-selling is allowed).

4 The market is arbitrage-free.

For any inefficient payoff, there exists another strategy that
should be preferred by these agents.
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Link with First Stochastic Dominance

Theorem

Consider a payoff XT with cdf F ,

1 Taking into account the initial cost of the derivative, the
cost-efficient payoff X ∗T of the payoff XT dominates XT in the
first order stochastic dominance sense :

XT − c(XT )erT ≺fsd X ∗T − PD(F )erT

2 The dominance is strict unless XT is a non-increasing function
of ξT .

Thus the result is true for any preferences that respect first
stochastic dominance. This possibly includes state-dependent

preferences.
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How to explain the demand for inefficient payoffs
(path-dependent, non-monotonic...)?

1 Needs may be state-dependent
� Presence of a background risk :

� Hedging a long position in the market index ST (background
risk) by purchasing a put option PT .

� the background risk can be path-dependent,

� Presence of a stochastic benchmark: If the investor wants
to outperform a given (stochastic) benchmark Γ such that:

P {ω ∈ Ω /WT (ω) > Γ(ω)} > α

Her preferences are now state-dependent preferences.
� Intermediary consumptions, additional constraints

2 Presence of another source of uncertainty. The state-price
process is not always a decreasing function of the asset price
at maturity (non-markovian stochastic interest rates for
instance)
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What do popular contracts in the US look like?

Structured products sold by banks and Variable Annuities, Equity
Indexed Annuities sold by insurance companies have become very
popular. Structured product designs can be modified and extended
in countless ways. Here are some of them:

� Guaranteed floor, Upper limits or caps

� Path-dependent payoffs (Asian, lookback, barrier)

� Multi-period based returns: locally-capped contracts

We concentrate our study on the latter ones. Biased beliefs may be
an important reason to explain the demand among retail investors.
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Example of a locally-capped contract

Quarterly Cap 6%

Quarter Raw Index Return % Capped return%

1 5 5
2 9 6
3 -10 -10
4 11 6

Payoff of a Quarterly Sum Cap = 5+6-10+6=7
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Example of a locally-capped contract

� Issuer: JP Morgan Chase

� Underlying: S&P500

� Maturity: 5 years

� Initial investment: $1,000

� Payoff= max ($1, 100 ; $1, 000 + additional amount)

� In the prospectus dated June 22, 2004:
“The additional amount will be calculated by the calculation agent

by multiplying $1,000 by the sum of the quarterly capped Index

returns for each of the 20 quarterly valuation periods during the

term of the notes.”
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Payoff of a locally-capped globally-floored contract

� Initial investment= $1,000

� Minimum guaranteed rate g = 10% at maturity T = 5 years.

� Local Cap c = 6% on the quarterly return.

XT = 1, 000 + 1, 000 max

(
g ,

20∑
i=1

min

(
c ,

Sti − Sti−1

Sti−1

) )

� The contract consists of:

I a zero coupon bond with maturity amount $1, 100.
I a complex option component
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Distribution of the Payoff of a Quarterly Sum Cap

1 The distribution of the payoff of a Quarterly Sum Cap is
extremely difficult for investors to have a realistic
representation of the sum of periodically capped returns.

2 The reason stems from how the cap affects the final
distribution of returns.
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� Minimum guaranteed rate of 10% (global floor) over T years.

� Density of the payoff under the Quarterly Sum Cap (X ).

� Parameters are set to r = 5%, δ = 2%, µ = 0.09, σ = 15%.
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LC contracts are not cost-efficient. Let F be the distribution of the
payoff of a locally-capped. The payoff X ∗ should be preferred

(lower cost & same utility), S0 = 100, T = 5 years.
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Summary

But then, why do retail investors buy locally-capped contracts?
They should choose simpler contracts that are not path-dependent.

I Investors are optimistic: investors may be influenced by the
bias in the hypothetical projections displayed in the
prospectuses to overweight the probabilities of receiving the
maximum possible return.

I The complexity of the contract confuses investors and they
make inappropriate choices (Carlin (2006)).
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Characteristic of this locally-capped contract

� AMEX Ticker: NAS

� This product is based on the Nasdaq under the name NAS:
Nasdaq-100 Index TIERS.

� The initial investment is $10

� The maturity payoff is a compounded monthly-capped returns

� Capped at 5.5% per month.

� In the prospectus, there are 7 hypothetical examples.
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Observations

� Most outrageous set of unrealistic assumptions we observed.

� In the 3 first examples, the final payoffs are respectively
1.0366 = $60.35, 1.05566 = $332.5, 1.05566 = $332.5.

� Empirical probability of a monthly return exceeding 5.5% is
0.2 (1971-2008).

� Assuming an i.i.d. distribution of the monthly returns, the
probability of the maximum possible return is

0.266 = 7× 10−47

which is an impossible event.

� Getting returns such as in Examples 4 and 5 have an historical
probability of about 50% of taking place.

� Maximum value of the compounded return of 66 consecutive
monthly-capped returns is 2.7 (end in May 1996).

� These securities are also subject to default risk.
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Overview

I Our analysis of the hypothetical examples presented in the 39
prospectuses (39 locally-capped globally-floored contracts out
of 208 index-linked notes as of October 2006 listed on AMEX)
reveals that the above description is common practice.

I All issuers provide in their prospectus 4 to 7 hypothetical
examples. One or two of the first three examples assumes that
the investor receives the maximum possible return.

I We suggest that including these illustrations as hypothetical
scenarios provides very concrete evidence of attempts to
overweight the probabilities of obtaining the maximum
possible return.
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Local Cap vs Global Cap

� Initial investment= $1,000

� Maturity T = 5 years

� Let g = 10% be the minimum guaranteed rate.

� YT : Globally-capped (with global Cap C )

YT = 1, 000 + 1, 000 max

(
g , min

(
C ,

ST − S0

S0

) )
(long position in a bond and in a standard call option and
short position in another standard call option.)

� XT : Locally-Capped (Local Cap c on the quarterly return).

XT = 1, 000 + 1, 000 max

(
g ,

20∑
i=1

min

(
c ,

Sti − Sti−1

Sti−1

) )
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How to perform the comparison?

Parameter values are r = 5%, δ = 2%, σ = 15%.
Same no-arbitrage prices along the curve.
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Mean Variance Investors

� Let Z0 be the initial investment

� Let the guarantee be (1 + g)Z0 at the maturity T .

� We define the modified Sharpe ratio as follows

RZ =
E[ZT ]− Z0(1 + g)

std(ZT )

� We compute this ratio for the quarterly-capped contract RX

and for the globally-capped contract RY .
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Mean Variance Investors

� The Quarterly Sum cap has a quarterly cap of 8.7%, a global
floor g = 10% and a maturity T = 5 years.

� For each volatility, the global cap is such that the GC contract
has the same no-arbitrage price as the 8.7% quarterly-capped
(which is equal to 920$).

� Other parameters r = 5%, δ = 2%, µ = 0.09.
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Overweighting Technique

1 increase the drift of the underlying index

2 add a lump of probability at the right end of the distribution.
Density of the payoff under the Quarterly Sum Cap (X ) with an additional

expected annual Index return of 5%.

The quarterly cap is c = 8.7%, r = 5%, µ = 9%, δ = 2%, σ = 15%.
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Impact on Decision Making

I Modified Sharpe ratio using the new measure for the quarterly
Sum Cap and the original measure for the other contract:

R̃X =
EQ [ZT ]− Z0(1 + g)

stdQ(ZT )

I Compare of R̃X with RY

I 8.7% quarterly cap, g = 10%, T = 5 years.

I Other parameters r = 5%, δ = 2%, µ = 0.09.
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Impact on Decision Making
The quarterly-capped contract has a 8.7% quarterly cap, g = 10%, T = 5

years. For each volatility, the cap of the globally-capped contract is such that
the contract has the same no-arbitrage price as the 8.7% quarterly-capped

contract. Investors overweight the tail of the distributions. Other parameters
r = 5%, δ = 2%, µ = 0.09.
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Conclusions of this study

I We describe some popular designs in the market:
locally-capped contracts.

I The demand for these complex products is puzzling.

I We provide a possible explanation based on investor
misperception of the return distribution where low probability
events of high returns are overweighted.

I We provide evidence that this tendency is encouraged by the
hypothetical examples in the prospectus supplements.
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